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Êëþ÷åâûå ñëîâà: íåîäíîðîäíàÿ ñèñòåìà îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè; ïðåîáðàçîâàíèå Ëàïëàñà; ïàðàë-

ëåëüíûé àëãîðèòì.

Îáñóæäàåòñÿ ïàðàëëåëüíûé àëãîðèòì ïîëó÷åíèÿ ñèìâîëüíîãî àíàëèòè÷åñêîãî ðå-

øåíèÿ íåîäíîðîäíîé ñèñòåìû îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ðåøåíèå ñèñòåìû íàõîäèòñÿ â àíàëèòè÷å-

ñêîì âèäå è ìîæåò áûòü íàéäåíî ñ òðåáóåìîé òî÷íîñòüþ. Ïîëó÷åííûé àëãîðèòì

ýôôåêòèâåí äëÿ ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé áîëüøîãî ðàçìå-

ðà. Àëãîðèòì âõîäèò â ñîñòàâ áèáëèîòåêè àëãîðèòìîâ ñèñòåìû Mathpar.

1 Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàíà íåîäíîðîäíàÿ ñèñòåìà îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

n∑
j=1

Dji(t)xi(t) = fi(t), Dji(t) =
m∑
k=0

akji
dk

dtk
, i = 1, . . . ,m, akji ∈ R, n,m ∈ N, (1)

ãäå akji � äåéñòâèòåëüíûå ÷èñëà, fi(t), xi(t) � îãðàíè÷åííûå íà R+ ôóíêöèè, èìåþùèå
êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà I ðîäà è óäîâëåòâîðÿþùèå óñëîâèÿì: fi(t) ≡ 0 ïðè t < 0 ,
|fi(t)| < Mes0t ïðè t > 0 , ãäå M > 0 , s0 > 0 � íåêîòîðûå äåéñòâèòåëüíûå ïîñòîÿííûå.

Îáîçíà÷èì A(t) = (Dij(t)) ñèñòåìó (1), è çàïèøåì â ìàòðè÷íîì âèäå:

A(t)X(t) = F (t), X(t) = [x1(t), . . . , xn(t)]T , F (t) = [f1(t), . . . , fn(t)]T .

Ïóñòüx
(k)
i (t) îáîçíà÷àåò k -óþ ïðîèçâîäíóþ ôóíêöèè xi(t) , à ÷èñëà xk0i îïðåäåëÿþò

íà÷àëüíûå óñëîâèÿ:
x
(k)
i (0) = xk0i, (2)

ãäå k = 1, 2, . . . ,m− 1, i = 1, 2, . . . ,m, xk0i ∈ R .



Áóäåì ïîëàãàòü, ÷òî â îáùåì ñëó÷àå êàæäàÿ èç ôóíêöèé fi(t) â ïðàâîé ÷àñòè ìîæåò
èìåòü âèä êîíå÷íîé ñóììû:

fi(t) =
∑
j

pij(t)e
δijt sinµij(γijt) cosνij(βijt)UnitStep(t− αij),

ãäå αij, βij, γij, δij ∈ R, µij, νij ∈ N, pij(t) � ïîëèíîì ïåðåìåííîé t , ôóíêöèÿ UnitStep(t)
ïðèíèìàåò çíà÷åíèå 1 äëÿ íåîòðèöàòåëüíûõ àðãóìåíòîâ è çíà÷åíèå 0 äëÿ îñòàëüíûõ.

Òðåáóåòñÿ íàéòè ðåøåíèå X(t) ñèñòåìû (1), óäîâëåòâîðÿþùåå óñëîâèÿì (2), â àíàëè-
òè÷åñêîì âèäå.

2 Àëãîðèòì Ëàïëàñà

Àëãîðèòì ñîñòîèò èç òð¼õ ýòàïîâ [1-3].

Ýòàï I. Ïðÿìîå ïðåîáðàçîâàíèå Ëàïëàñà ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.

Ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ôóíêöèè f(t) :

F(p) =

∫ ∞
0

f(t)e−ptdt, p ∈ C. (3)

Â ðåçóëüòàòå ïðåîáðàçîâàíèÿ ôóíêöèé, ñòîÿùèõ â ëåâîé è ïðàâîé ÷àñòÿõ ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé (1), è íà÷àëüíûõ óñëîâèé (2) ïî ôîðìóëå (3) ïîëó÷àåì ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèé:

A(p)X (p)− B(p) = F(p). (4)

Çäåñü A(p) � îáðàç ëåâîé ÷àñòè ñèñòåìû (1), F(p) � îáðàç ïðàâîé ÷àñòè ñèñòåìû (1),
B(p) � âåêòîð, ïîÿâëÿþùèéñÿ ïðè ââåäåíèè íà÷àëüíûõ óñëîâèé (2).

Ýòàï II. Ðåøåíèå ïîëó÷åííîé àëãåáðàè÷åñêîé ñèñòåìû.
Ðåøåíèå àëãåáðàè÷åñêîé ñèñòåìû (4) èùåì â âèäå

X (p) = A(p)−1(F(p) + B(p)). (5)

Ðåçóëüòàòîì ÿâëÿåòñÿ âåêòîð äðîáíî-ðàöèîíàëüíûõ ôóíêöèé îò p .

Ýòàï III. Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà.
Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ôóíêöèè F(p) :

f(t) = L−1{F} =
1

2πi

∫ i∞

−i∞
eptF(p)dp.

Èñêîìîå ðåøåíèå ñèñòåìû (1) çàäàåòñÿ âåêòîðîì X(t) :

X(t) =
1

2πi

∫ i∞

−i∞
eptX (p)dp. (6)



3 Ïàðàëëåëüíûé àëãîðèòì

Ïóñòü èìååòñÿ êëàñòåð ñ n ïðîöåññîðàìè ñ íîìåðàìè 0, 1, 2, . . . , (n− 1) .
Áóäåì ñ÷èòàòü, ÷òî ïðîöåññîð ñ íîìåðîì 0 � êîðíåâîé.
Ðàçðàáîòàííûé ïàðàëëåëüíûé àëãîðèòì ñîñòîèò èç ñëåäóþùèõ øàãîâ.

Øàã 1.
Ïðÿìîå ïðåîáðàçîâàíèå Ëàïëàñà èñõîäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïóñòü F(p) � îáðàç ôóíêöèè f(t) ïðè ïðÿìîì ïðåîáðàçîâàíèè Ëàïëàñà. Â ðåçóëüòà-
òå ïðÿìîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ïðîèçâîäíîé n -îãî ïîðÿäêà ôóíêöèè f(t) ïîëó÷èì
ïîëèíîì ñòåïåíè n .

Â ðåçóëüòàòå ïðÿìîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ëåâàÿ ÷àñòü ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïðåîáðàçóåòñÿ â ìàòðèöó ïîëèíîìîâ A(p) = (Dij(p)) îäíîé äåéñòâèòåëüíîé
ïåðåìåííîé p .

Ðåçóëüòàòîì ïðÿìîãî ïðåîáðàçîâàíèÿ Ëàïëàñà (3) ïðàâîé ÷àñòè áóäåò âåêòîð ôóíêöèé.

F(p) = [f1(p), . . . , fn(p)]T .

Êàæäàÿ èç ôóíêöèé fi(p) ÿâëÿåòñÿ ñóììîé ïðîèçâåäåíèé ýêñïîíåíöèàëüíûõ è äðîáíî-
ðàöèîíàëüíûõ ôóíêöèé.

Ðåçóëüòàòîì ïðåîáðàçîâàíèÿ íà÷àëüíûõ óñëîâèé áóäåò B(p) � ñóììà ïðîèçâåäåíèé
ïîëèíîìîâ îò p íà ñâîáîäíûå ïåðåìåííûå, îáîçíà÷àþùèå íà÷àëüíûå óñëîâèÿ (2).

Â ðåçóëüòàòå ïðåîáðàçîâàíèÿ Ëàïëàñà ñèñòåìû îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïîëó÷àåì àëãåáðàè÷åñêóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé

A(p) · X (p) = F(p) + B(p).

Âñå âû÷èñëåíèÿ íà ýòîì øàãå ìîãóò áûòü âûïîëíåíû íà íóëåâîì ïðîöåññîðå.
Øàã 2.
Ðåøåíèå àëãåáðàè÷åñêîé ñèñòåìû ëèíåéíûõ óðàâíåíèé â êîëüöå ïîëèíîìîâ � àëãî-

ðèòìè÷åñêè ñëîæíàÿ çàäà÷à, äëÿ ðåøåíèÿ êîòîðîé áóäóò èñïîëüçîâàíû âñå ïðîöåññîðû
êëàñòåðà.

Äëÿ ìàòðèöû ïîëèíîìîâ A(p) ∈ C[p]n×m âû÷èñëÿåì îïðåäåëèòåëü det(A(p)) è îáðàò-
íóþ ìàòðèöó A−1(p) = A∗(p)/det(A(p)) , ãäå A∗(p) � ïðèñîåäèí¼ííàÿ ìàòðèöà. Âîñïîëü-
çóåìñÿ ïàðàëëåëüíûìè àëãîðèòìàìè [12].

Ìàòðèöó A−1(p) ïîëó÷èì íà íóëåâîì ïðîöåññîðå.
Øàã 3.
Ïîëèíîì det(A(p)) ðàñêëàäûâàåì íà ñâîáîäíûå îò êâàäðàòîâ ìíîæèòåëè.
Çàäà÷à ôàêòîðèçàöèè ïîëèíîìà ðàñïàðàëëåëèâàåòñÿ è èñïîëüçóþòñÿ âñå óçëû êëàñòå-

ðà.
Îáëàñòü ïîèñêà êîìïëåêñíûõ êîðíåé ðàçáèâàåòñÿ íà ñåêòîðà, êîëè÷åñòâî ñåêòîðîâ ðàâ-

íî êîëè÷åñòâó ïðîöåññîðîâ. Íóëåâîé ïðîöåññîð ðàññûëàåò det(A(p)) âñåì ïðîöåññîðàì.
Êàæäûé ïðîöåññîð áåðåò ñëó÷àéíóþ òî÷êó â ñâîåì ñåêòîðå è ïî ìåòîäó Íüþòîíà íà-
÷èíàåò ñïóñê ê êîðíþ óðàâíåíèÿ. Òàêèì îáðàçîì, êîãäà íóëåâîé ïðîöåññîð ïîëó÷àåò k
ðàçëè÷íûõ êîìïëåêñíûõ êîðíåé, âñå ïðîöåññîðû ïîëó÷àþò ñîîáùåíèå î ïðåêðàùåíèè âû-
÷èñëåíèé [13].

Â ðåçóëüòàòå ðàçëîæåíèÿ ïîëèíîìà det(A(p)) íà ëèíåéíûå ñîìíîæèòåëè â îáëàñòè C
ïîëó÷èì:

det(A(p)) =
r∏

k=0

(p− pk)εk , ãäå r 6 nm, pk ∈ C, εk ∈ N. (7)



Øàã 4.
Ðàñêëàäûâàåì äðîáü 1/det(A(p)) â ñóììó ïðîñòûõ äðîáåé â îáëàñòè C :

1

det(A(p))
=

r∑
k=0

ζk
(p− pk)εk

, ãäå ζk ∈ C. (8)

Íà íóëåâîì ïðîöåññîðå ñîáèðàåì ìàòðèöó Mij ïîëó÷åííóþ â ðåçóëüòàòå ðåøåíèÿ äàí-
íîé çàäà÷è ñ ïîìîùüþ ìåòîäà íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ìàòðèöó Mij ôîðìèðóåì
ñëåäóþùèì îáðàçîì: êîëè÷åñòâî ñòîëáöîâ ðàâíî k + 1 , à êîëè÷åñòâî ñòðîê ðàâíî ñòàð-
øåé ñòåïåíè det(A(p)) , â ïåðâûõ k ñòîëáöàõ áóäóò çàïèñàíû êîýôôèöèåíòû ïîëèíîìà∏r

k=0(p− pk)εk äëÿ k 6= j , â ïîñëåäíåì ñòîëáöå çàïèñàíû êîýôôèöèåíòû det(A(p)) .
Ðåøàåì ïàðàëëåëüíî çàäà÷ó è ïîëó÷åííûå íà êàæäîì ïðîöåññîðå íåîïðåäåëåííûå êî-

ýôôèöèåíòû ζk ñîáèðàåì íà íóëåâîì ïðîöåññîðå.
Øàã 5.
Îáîçíà÷èì ÷åðåç H(p) = F(p) + B(p) è H(p) = [h1, . . . , hn]T . Òîãäà, ïîëó÷èì:

hi =
n∑
j=1

Qij(p)e
αijp

L(p)
+

n∑
i=1

m−1∑
k=0

dki(p)x
k
0i, dik(p) =

m−1∑
i=k

ai+1,ip
i−k.

Íàéäåì ðåøåíèå
X (p) = A∗(p) ·H · (1/det(A(p)). (9)

Ïóñòü X (p) = [χ1, . . . , χn]T . Òîãäà χi(p) =
∑r

k=0
ηke

αijp

(p−pk)εk
, ãäå ηk ∈ C.

Äëÿ êàæäîãî ýëåìåíòà âåêòîðà X (p) = [χ1(p), . . . , χn(p)]T íàõîäèì îáðàòíîå ïðåîáðà-
çîâàíèå Ëàïëàñà (6) X(t) = [x1(t), . . . , xn(t)]T :

xi(t) = L−1{χi(p)}, ãäå i = 1, 2, . . . , n. (10)

Óìíîæåíèå ìàòðèöû íà âåêòîð (9) è îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà (10) âûïîëíèì
ñëåäóþùèì îáðàçîì: äëÿ ýòîãî ïðîèçâîäèì ðàññûëêó íà êàæäûé óçåë êëàñòåðà k ñòðîê
ìàòðèöû A∗(p) , âåêòîð H(p) è ñóììó äðîáåé (8), ãäå k = n

N
, n � ÷èñëî ñòðîê ìàòðèöû

A∗(p) , à N � êîëè÷åñòâî ïðîöåññîðîâ. Äëÿ ïîëó÷åííûõ íà êàæäîì èç ïðîöåññîðîâ k
ýëåìåíòîâ âåêòîðà Xi(p) = [χhi(p), . . . , χdi(p)]

T íàõîäèì îáðàòíîå ïðåîáðàçîâàíèå Ëàïëà-
ñà (6). Çàòåì íóëåâîé ïðîöåññîð îáúåäèíÿåò ïîëó÷åííûå ðåçóëüòàòû â èñêîìîå ðåøåíèå
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Rybakov M.A. PARALLEL COMPUTATION OF THE GENERAL SOLUTION

OF THE INHOMOGENEOUS SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS WITH

CONSTANT COEFFICIENTS.

We discuss a parallel algorithm to obtain numerical-analytical solutions of the inhomogeneous

system of ordinary di�erential equations with constant coe�cients. The solution of the system can be

found with the required accuracy. This algorithm is e�ective for solving large systems of di�erential

equations. The algorithm is part of the library of algorithms Mathpar.

Key words: inhomogeneous system of ordinary di�erential equations with constant coe�cients,

Laplace transform, parallel algorithm.


